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Abstract
For the logarithmic coefficients γn of a univalent function f (z) = z + a2z2 + · · · ∈ S, the well-known de
Branges’ theorem shows that
Mn(f ) := 1
n
n−1∑
m=1
m∑
k=1
(
1
k
− k|γk |2
)
 0 (n = 2,3, . . .).
In this note, we first use properties of Mn(f ) to obtain some identities for γn, we then show that the Duren–
Leung conjecture ∑nk=1 |γk |2 ∑nk=1 1/k2 (n  3) holds in the case when |a2|  (4 − 75δ/26)1/2 =
1.76 . . . or when f is not Koebe function and nmax{75δ/(26(1 − |γ1|2))− 1,3} is an integer, where δ is
the Milin constant. Finally we give several remarks on a related question.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let S be the class of functions f (z) = z + a2z2 + · · · analytic and univalent in the unit disc
D = {z ∈ C: |z| < 1}. The logarithmic coefficients γn of f (z) are defined by
log
f (z)
z
= 2
∞∑
n=1
γnz
n (z ∈ D).
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γ1 = a22 and γ2 =
1
2
(
a3 − 12a
2
2
)
,
and the sharp estimates
|γ1| 1 and |γ2| 12
(
1 + 2e−2)= 0.635 . . .
hold for each f ∈ S, where Fekete–Szegö theorem is used. The Koebe function kη(z) =
z(1 − ηz)−2 has the logarithmic coefficients γn = ηn/n, where |η| = 1. It is known that the in-
equality |γn| 1/n holds for all spirallike functions f (z) in S, but is false for the close-to-convex
functions [8] and the full class S, even in order of magnitude [6, Theorem 8.4]. Nevertheless,
Milin has shown that in a certain average sense, γn cannot be much larger than 1/n (see [6]
and [14]). The well-known Milin’s lemma gives that
n∑
k=1
k|γk|2 
n∑
k=1
1
k
+ δ (f ∈ S, n = 1,2, . . .), (1.1)
where
δ = 1
2
{ ∞∑
n=1
(log 2)n
n!n − log log 2 − c
}
= 0.3118 . . .
and c is the Euler constant. The Milin constant δ in (1.1) cannot be reduced to zero. The surprising
proof of Milin conjecture by de Branges [4] asserts that δ = 0 in an average sense. That is
Mn = Mn(f ) := 1
n
n−1∑
m=1
m∑
k=1
(
1
k
− k|γk|2
)
 0 (f ∈ S, n = 2,3, . . .) (1.2)
which implies the famous Bieberbach conjecture from the Lebedev–Milin inequality that
|an|  ne−Mn (see [1]). The sign of equality in (1.2) holds only for the Koebe function. One
consequence of (1.2) is
∞∑
k=1
k|γk|2rk 
∞∑
k=1
1
k
rk = log 1
1 − r (f ∈ S, 0 r < 1) [16]. (1.3)
Duren and Leung [7] showed that
∞∑
k=1
|γk|2 
∞∑
k=1
1
k2
= π
2
6
(f ∈ S). (1.4)
The Duren–Leung conjecture that for every f ∈ S,
n∑
k=1
|γk|2 
n∑
k=1
1
k2
(1.5)
remains open for n  3 [18, p. 308]. The truth of (1.5) in the case when n = 1 and n = 2 fol-
lows from the fact that |a2| 2 and M3  0. Milin and Grinshpan [16] as well as Andreev and
Duren [2] provided some supportive evidence that (1.5) should hold for n 3, although neither
work provides a proof.
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efficients γn. We then show that the Duren–Leung conjecture (1.5) is true in certain special
cases. Finally we give several remarks on a related question concerning the partial sum inequal-
ity of (1.3). The main result is the following.
Theorem 1. If f (z) = z+ a2z2 +· · · ∈ S and |a2| (4 − 75δ/26)1/2 = 1.76 . . . , then (1.5) holds
for all n 3.
Theorem 2. If f ∈ S is not Koebe function, then there exists a definite constant N(f ),
N(f ) := max
{
75δ
26(1 − |γ1|2) − 1,3
}
,
such that (1.5) holds for all integers nN(f ).
2. Proof of the main theorems
Let n  3 and sk (k = 1,2, . . .) be given. Applying the summation by parts to the quantity∑n
k=1 sk(k|γk|2 − 1k ) twice, we have
n∑
k=1
sk
(
k|γk|2 − 1
k
)
= sn
n∑
k=1
(
k|γk|2 − 1
k
)
+ (sn−1 − sn)
n−1∑
m=1
m∑
k=1
(
k|γk|2 − 1
k
)
+
n−2∑
m=1
(sm − 2sm+1 + sm+2)
m∑
j=1
j∑
k=1
(
k|γk|2 − 1
k
)
= −
n∑
k=1
(sk − 2sk+1 + sk+2)(k + 1)Mk+1 + sn+1
n∑
k=1
(
k|γk|2 − 1
k
)
+ (sn+2 − sn+1)(n + 1)Mn+1. (2.1)
(a) Taking sk = 1/k in (2.1), we obtain the following identity
n∑
k=1
|γk|2 +
n∑
k=1
2
k(k + 2)Mk+1 +
1
n + 2Mn+1
=
n∑
k=1
1
k2
+ 1
n + 1
n∑
k=1
(
k|γk|2 − 1
k
)
. (2.2)
It follows from (1.1), (1.2) and (2.2) that
0
n∑
k=1
|γk|2 +
n∑
k=1
2
k(k + 2)Mk+1 +
1
n + 2Mn+1 <
2π2 + 3δ
12
(f ∈ S, n 3),
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∑n
k=1 |γk|2,
∑n
k=1 2k(k+2)Mk+1 and
1
n+2Mn+1 for f ∈ S and
all n ∈ N. Hence we also get from (1.1), (1.2) and (2.2) that
n∑
k=1
|γk|2 +
n∑
k=1
2
k(k + 2)Mk+1 
n∑
k=1
1
k2
+ δ
n + 1 (f ∈ S, n 3), (2.3)
which yields
∞∑
k=1
|γk|2 +
∞∑
k=1
2
k(k + 2)Mk+1 
∞∑
k=1
1
k2
= π
2
6
(f ∈ S). (2.4)
This is slightly stronger than the inequality (1.4).
It is known that the Hayman index α(f ) of each function f ∈ S satisfies 0 α(f ) 1. For
each f ∈ S with α(f ) > 0, Bazilevich’s theorem shows that limn→∞∑nk=1(k|γk|2 − 1k ) and
limn→∞ Mn(f ) exist and satisfy
lim
n→∞
n∑
k=1
(
k|γk|2 − 1
k
)
 1
2
logα(f ) and lim
n→∞Mn(f )
1
2
log
1
α(f )
.
This result is never true if α(f ) = 0. In fact, Grinshpan [10] has shown that Mn(f ) → ∞ for
every function f ∈ S with α(f ) = 0. See also [6, Chapter 5] and [14, Chapter 3]. Hence, in the
case when α(f ) > 0,
lim
n→∞
1
n + 1Mn+1(f ) = limn→∞
1
n + 1
n∑
k=1
(
k|γk|2 − 1
k
)
= 0,
and we obtain from (2.2) that (2.4) is actually an identity, that is,
∞∑
k=1
|γk|2 +
∞∑
k=1
2
k(k + 2)Mk+1 =
∞∑
k=1
1
k2
= π
2
6
(f ∈ S and α(f ) > 0). (2.5)
(b) It is noticed by Dong [5] that the proof of Milin conjecture (1.2) by de Branges [4] essen-
tially yields
Mn+1 
⎧⎨
⎩
3
2(4m2−1) (1 − |γ1|2), if n = 2m − 1, m ∈ N,
15m(m+1)
(2m+1)(2m+3)(4m2−1) (
5
4 − |γ1|2 − |γ2|2), if n = 2m, m ∈ N,
(2.6)
for f ∈ S. What we really need is the fact that M2 = (1 − |γ1|2)/2 and
M4 
1
10
(
1 − |γ1|2
)
(f ∈ S). (2.7)
We include a simple proof of (2.7) here. It follows from de Branges’ idea in [4] (see
[3, pp. 27–29] and [11] for this) that the nonincreasing solutions of the equations
τk(t) + 1
k
τ ′k(t) = τk+1(t) −
1
k + 1τ
′
k+1(t)
1 k  n, τn+1(t) = 0, 0 t < +∞
⎫⎬
⎭ (2.8)
lead to
n∑
τk(0)
(
1
k
− k|γk|2
)
 0 (n = 1,2, . . . , f ∈ S). (2.9)k=1
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τ1(t) = (3λ3 + 2λ2 + λ1)e−t − 2(4λ3 + λ2)e−2t + 5λ3e−3t ,
τ2(t) = (4λ3 + λ2)e−2t − 4λ3e−3t ,
τ3(t) = λ3e−3t , (2.10)
where τ1(0) = λ1, τ2(0) = λ2 and τ3(0) = λ3. To obtain the nonincreasing solutions from (2.10),
one needs to choose λ1, λ2 and λ3 suitably. The original choice of de Branges is to let λ1 = 3,
λ2 = 2 and λ3 = 1, so that τ ′j (t) 0 for all t  0 and j = 1,2,3, and therefore the corresponding
(2.9) gives M4  0. Such process of choosing λj can be made better, for example, let λ1 = 13/5,
λ2 = 2 and λ3 = 1, then τ ′j (t) 0 for all t  0 and j = 1,2,3, but the corresponding (2.9) gives
(2.7). This is just the point of how to get the strengthened de Branges’ theorem.
From (1.2) and (2.7), we have
n∑
k=1
2
k(k + 2)Mk+1 
2
3
M2 + 215M4 
26
75
(
1 − |γ1|2
)
(f ∈ S, n 3), (2.11)
which yields
n∑
k=1
|γk|2 
n∑
k=1
1
k2
+ δ
n + 1 −
26
75
(
1 −
∣∣∣∣a22
∣∣∣∣
2)
(f ∈ S, n 3) (2.12)
by (2.3).
(c) We now use the inequality (2.12) to finish the proofs of our theorems. Note that if |a2|
(4 − 75δ/26)1/2 = 1.76 . . . , then
δ
n + 1 −
26
75
(
1 −
∣∣∣∣a22
∣∣∣∣
2)
 δ
4
− 26
75
(
1 −
∣∣∣∣a22
∣∣∣∣
2)
 0
for n  3, and the Duren–Leung conjecture (1.5) follows from (2.12) directly. This completes
the proof of Theorem 1.
Alternatively, if f (z) is not the Koebe function, then |γ1| < 1. From
δ
n + 1 −
26
75
(
1 − |γ1|2
)
 0,
we get
n 75δ
26(1 − |γ1|2) − 1
and (2.12) gives the desired Theorem 2. The proof of Theorem 2 is complete.
3. Remarks
The discussion in the above section can be applied to deal with the partial sum inequality
related to (1.3).
(a) First note that the inequality (1.4) is a simple corollary of the inequality (1.3). In fact, divide
each side of (1.3) by r , and then integrate from 0 to r , we have ∑∞k=1 |γk|2rk ∑∞k=1 1k2 rk ,
which yields (1.4) by Abel theorem. However, for the inequality (1.3), we can give a stronger
inequality.
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∞∑
k=1
k|γk|2rk = (1 − r)2
∞∑
k=1
k|γk|2rk
∞∑
k=0
(k + 1)rk
= (1 − r)2
∞∑
k=1
{
k∑
j=1
(k − j + 1)
(
j |γj |2 − 1
j
)
+
k∑
j=1
k − j + 1
j
}
rk
= log 1
1 − r − (1 − r)
2
∞∑
k=1
(k + 1)Mk+1rk.
Thus we have the identity
∞∑
k=1
k|γk|2rk + (1 − r)2
∞∑
k=1
(k + 1)Mk+1rk = log 11 − r (f ∈ S, 0 r < 1). (3.1)
Since Mk  0 for k  2, we see that (3.1) is much better than (1.3). Also from (3.1), one can
use (1.2), (2.6) or (2.7) to obtain the strengthened logarithmic area inequality involving a2. See
[6, p. 156], [9, p. 103], [12,13,15,17,19] for such inequalities involving a2. For the partial sum of
the power series in (3.1), we have the following identity from (2.1) by taking sk = rk ,
n∑
k=1
k|γk|2rk + (1 − r)2
n∑
k=1
(k + 1)Mk+1rk + rn+1(1 − r)(n + 1)Mn+1
=
n∑
k=1
1
k
rk + rn+1
n∑
k=1
(
k|γk|2 − 1
k
)
. (3.2)
(b) Let n 3 and 0 r < 1. It follows from (1.2) and (2.7) that for f ∈ S,
(1 − r)2
n∑
k=1
(k + 1)Mk+1rk  2r(1 − r)2
(
M2 + 2r2M4
)
 2r(1 − r)2
{
1
2
(
1 − |γ1|2
)+ 1
5
r2
(
1 − |γ1|2
)}
= r(1 − r)2
(
1 + 2
5
r2
)(
1 − |γ1|2
)
. (3.3)
From (1.1), (1.2) and (3.3), the identity (3.2) gives
n∑
k=1
k|γk|2rk 
n∑
k=1
1
k
rk + rn+1δ − r(1 − r)2
(
1 + 2
5
r2
)(
1 −
∣∣∣∣a22
∣∣∣∣
2)
, (3.4)
for f ∈ S, 0 r < 1 and n 3.
(c) Andreev and Duren [2, p. 722] asked whether the partial sum inequality
n∑
k=1
k|γk|2rk 
n∑
k=1
1
k
rk (f ∈ S) (3.5)
holds for any r > 0. Although they provide some supportive evidence that this inequality should
hold for r  1/2, they also establish in [2, p. 727] that for no n 2 can it hold for all r < 1. Sub-
170 J.-L. Li / J. Math. Anal. Appl. 332 (2007) 164–170sequently, Zemyan [19] showed that (3.5) does indeed hold if r  1/2. It is not known whether
the constant “1/2” is the best possible. In this respect, (3.4) provides a better estimate than that
obtained in [12,13,15,17,19].
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